We h a ve analyzed molecular ordering in a nematic sample sandwiched between two parallel substrates, characterized by a periodically varying anchoring easy axis. If the periodicity is smaller than the Debye screening length lD and the nematic material possesses exoelectric properties, it is necessary to take i n to account also the electrostatic and exoelectric contributions in the thermodynamical potential when the actual director eld is determined. In this framework, for small deviations from the homeotropic alignment w e h a ve d e r i v ed analytical expressions for the tilt angle ( ) and the electrical potential. To establish a connection with experimentally observable quantities, we h a ve related the pro le to the average h 2 i and investigated its behavior for di erent v alues of , the exoelectric coe cient, and the anchoring strength w. Our results indicate that in a nematic with pronounced exoelectric properties for small enough a kind of subsurface deformation appears, which substantially decreases h 2 i. Therefore, e ects of exoelectricity cannot be neglected in treating nematic cells with modulated anchoring which allows bistable ordering.
I. INTRODUCTION
Thermotropic nematic liquid crystals (NLCs) are organic materials formed by asymmetric (cigar or disc like) molecules. Sterical constraints originating from the shape anisotropy yield positive uniaxial optical properties 1].
Their optical axis coincides with the average molecular orientation, the nematic director n. Molecules forming nematic phases have, usually, net permanent electric dipolar and quadrupolar moments. However, due to molecular spinning and tumbling any macroscopic polarization in an undistorted NLC on the average cancels out. This no longer holds if the NLC is deformed. In such a case it can manifest a exoelectric polarization, connected with the spatial variation of the director n, de ned by P i = ijk @ n j =@x k . The tensor with elements ijk is called exoelectric tensor 1,2]. As discussed in 2], the exoelectric polarization P can be written in the covariant form as P = e 11 ndiv n;e 33 n rot n, where e 11 and e 33 are the exoelectric coe cients. This polarization is similar to the piezoelectric polarization present in solid materials possessing no center of symmetry 3]. The exoelectric polarization can have a dipolar 2] or quadrupolar 4] origin. The dipolar exoelectricity i s present when the molecules of the mesophase, in addition to the permanent electrical dipole, also possess shape anisotropy (pear or banana shape). In this case a deformation of the director eld can lead to a polarization of the medium. The quadrupolar origin of exoelectricity is simpler to understand. In fact, a molecule can possess an electrical quadrupolar moment q 0 , even if it does not have any shape anisotropy. The macroscopic density of the quadrupolar tensor can be written as D ij = q 0 Q ij , where is the particle density a n d Q ij the tensor order parameter. It is de ned by Q ij = S n i n j ; (1=3) ij ], where S is the NLC scalar order parameter 1]. If D ij is not constant across the NLC sample, a net macroscopic polarization appears and is given by 5 ] P i = ;@D ij =@x j , a s i t i s w ell known from elementary electrostatics. Hence P can occur if there is either a v ariation of the director n ( exoelectricity 2 ] ) o r o f the scalar order parameter S (order electricity 6]).
This polarization is associated with long range electrostatic interactions, which h a ve to be taken into account in the thermodynamical potential, in addition to short range interactions giving rise to the nematic phase.
The electric polarization caused by director deformations induces an electric eld, which couples with the exoelectric polarization itself 7] . The resulting electrostatic energy has to be taken into account when the nematic director eld is determined 8]. In a case in which only one-dimensional problems are considered, a simple analysis shows that the electrostatic energy due to the exoelectric polarization renormalizes the elastic anisotropy of the Frank elastic constants, with a term depending on the director orientation 9]. Long ago 10], it has been shown that taking into account the exoelectric contribution to the total energy density, it is possible to explain apparent deviations from the surface energy proposed by Rapini and Papoular 11] . For a usual NLC cell where the sample of slab shape exhibits just a relatively weak one-dimensional deformation, the electrostatic energy density of exoelectric origin can be neglected. In fact, commercial NLCs are characterized by a Debye screening length below one micron 12] so that in a cell where the deformation spreads over several micrometers the exoelectric e ect is screened by the ions present in the mesophase. In this framework, just a linear coupling of the exoelectric polarization with an external eld can be observed 13], but in the absence of an external eld exoelectric properties are not detectable. Of course the situation is completely di erent if one is interested in analyzing deformations taking place on distances small with respect to the Debye screening length. In this case the balance of mechanical torques and electrical torques connected to the exoelectric polarization requires to solve electrostatic and elastic problems to nd the equilibrium director eld 14]. Our interest in this problem is not only academic. In fact, it is well known that one of the techniques used to orient the NLC is based on SiO evaporation on the glass substrates 15]. In such a case the surface topography i s characterized by a periodicity which can be small with respect to the Debye screening length. Consequently, the NLC in contact with such substrates undergoes an elastic deformation whose characteristic length is also smaller than the Debye length, and therefore e ects of exoelectricity can become important. Another technique is based on constructing periodic micrometric surface structures (bi-grating made with photosensitive materials) 16]. Also in this case the surface periodicity can be well below the Debye screening length. Simple elastic models proposed to connect such surface geometry with the anisotropic part of the anchoring energy are just an extension of the Berreman-de Gennes model 1, 17, 18] , in which the NLC energy density reduces to the Frank elastic energy density, thereby ignoring exoelectricity. Similar studies concerning the bistability of nematic samples oriented by periodic saw-toothed surfaces have also been published 16, 19, 20] . The same model was used to measure the azimuthal anchoring energy on sinusoidal holographic unidimensional and bidimensional gratings 21]. However, for surface structures characterized by the submicrometric length scale the Frank energy density represents only a v ery rough approximation of the total energy density. Therefore, in the past some attempts have been made to take i n to account also the exoelectric contribution to the free energy in the Berreman-de Gennes model 22, 23] . However, the main goal of these investigations was to evaluate the exoelectricity-induced renormalization of the elastic constant.
So far we h a ve reviewed only analyses in which the nematic state was completely characterized by the director n, which w as equivalent to assuming that the NLC scalar order parameter S is constant across the nematic sample. A more realistic theoretical analysis has to take i n to account t h a t both n and S are position-dependent. Within the The in uence of the order electric polarization on the orientation of the liquid crystal at the surface has also been discussed long ago in Ref. 6] . It was shown that the electrostatic energy due to the order electric polarization, in a simple one-dimensional geometry, can explain the tilted orientations observed experimentally at the nematic-isotropic interface 29]. A molecular theory of the order electricity has been proposed by Osipov and Sluckin 30] . These authors show t h a t a Landau-de Gennes gradient expansion in the tensor order parameter has to be employed with extreme caution in an inhomogeneous NLC exhibiting exoelectric and order electric e ects.
The aim of the present paper is to show that the exoelectric polarization can play a rather important role in determining the actual nematic director orientation in nematic structures with at least two-dimensional variation of the director eld, similar to those considered for technological applications 15, 16] . We will, however, neglect variations of the scalar order parameter S across the NLC sample and, consequently, e ects of order electricity since the nematic correlation length associated to S variations is smaller than the typical deformation scales considered here 24]. We show that it is impossible to take i n to account the exoelectric contribution to the thermodynamical potential density by simply renormalizing the elastic constants or the anisotropic part of the surface energy. To correctly take into account the exoelectric polarization, it is necessary to solve a coupled elastic-electrostatic problem 14]. We limit our analysis to a simple case where the substrates in the NLC sample induce an orientation close to homeotropic. Moreover, using the one elastic constant approximation we assume, for simplicity, the splay a n d bend constants to be equal (k 11 = k 33 = k), and, again for the same reason, also the dielectric constant of the nematic material to be isotropic (i.e., jj = ? = ). Of course the analysis can be easily modi ed to take i n to account the elastic and dielectric anisotropies, as well as the spatial variation of the scalar order parameter, but these aspects of the problem are expected to be important only if the analysis is supposed to yield quantitative rather than only qualitative results.
We assume also that there is a periodic distribution of the surface easy direction, which is supposed to mimic an aligning surface obtained by applying any of the experimental techniques mentioned above.
Our paper is organized as follows. In Sec. II we present the model used for the theoretical investigations. The elastic and electrostatic problems are solved in the limit of small deviations from the homeotropic orientation within the NLC sample, taking into account dielectric properties of the substrates and considering a nite anchoring energy at the NLC-solid substrate interface. Apart from this most general case, in special cases of strong anchoring, contact with a conductive medium or of a NLC without exoelectric properties analytical pro les for the director eld and the electrical potential are derived. In Sec. III the theoretical results are critically discussed. It is also demonstrated that it is impossible to nd a simple recipe to take i n to account the exoelectric polarization.
II. MODEL
Consider a nematic slab of thickness d = 2 D, limited by t wo identical substrates, tending to orient NLC molecules parallel to the local surface normal. Due to speci c surface treatment let these substrates be characterized by a periodic surface geometry. In the framework of our model, this surface will be simulated by a at surface with an anchoring easy axis which varies periodically around the average, i.e., homeotropic orientation. Let us de ne a Cartesian reference frame with the origin in the middle of the slab. The limiting substrates are then located at y = D and the x-axis is parallel to them (see Fig. 1 ). The system under consideration is formed by the lower (l) R l (y ;D) and upper (u) R u (y D) regions outside the slab, representing the substrates, and the region R n (;D y D) b e t ween them, representing the nematic liquid crystal (n). Our analysis will be limited to twodimensional planar deformations, thereby assuming the twist distortion to be absent. In this framework the nematic director n = n(x y) is fully de ned in terms of the tilt angle (x y), as shown in Fig. 1 : n = isin (x y) + jcos (x y), where i and j are unit vectors parallel to the x and y axes, respectively. The exoelectric polarization P is given by P = e 11 ndiv n ; e 33 n rot n. In such a planar and two-dimensional problem it is possible to rewrite P in terms of t h e t i l t a n g l e P = i e 
where s is the dielectric constant of the substrates, E l = E(x y ; D) a n d E u = E(x y D).
The total thermodynamical potential of the NLC together with both substrates (per unit length along the z axis)
is now g i v en by
where m = l, n and u. Here F s is the anisotropic surface energy contribution which can be associated with the periodic surface topography of the NLC-substrate interface. To make our calculation as simple as possible, we represent a undulated surface whose periodicity is characterized by a wavelength = 2 =q (q denoting the corresponding wavevector) by a model plane surface with a sine-modulated anchoring easy axis (x) = 0 sin(qx) (see Fig. 1 ). The surface free energy of such a surface can then be written as
where we assume that the anchoring strength w is the same on the two surfaces. Further we c hoose a particular case where the easy axes are such to impose antisymmetric orientations, hence the waves characterizing the anchoring of both substrates are in exact counterphase.
FIG. 1. Slab geometry: a undulating surface with locally homeotropic anchoring is replaced by a at substrate with a modulated anchoring easy axis. The de nition of the tilt angle and of the wavelength .
Since rot E = 0 , E = ;r , w h e r e is the electrical potential. By minimizing F given by Eq. The symmetry of the electrical problem and the antisymmetrical boundary conditions for lead to the following properties:
(x y) = ; (x ;y) and (x y) = (x ;y): (13) The solutions of linear di erential equations (7) (8) (9) , satisfying the boundary conditions (10) (11) (12) and the symmetry condition (13) can be written as:
i (x y) = e qy cos(qx) (14) where + corresponds to i = l and ; to i = u, which gives the electrical potential in the substrates further, (x y) = 1 cosh( 1 y) + 2 cosh( 2 y)] cos(qx) (15) gives the electrical potential in the nematic layer, and, nally, (x y) = R 1 sinh ( 1 y 
correspond to a NLC in contact with a conductive surface (for which s ! 1 ) in the strong anchoring limit. The relations reported above give the general solution of the problem. In the following some particular cases will be considered.
A. Non-exoelectric materials 
The last expression describes the tilt angle pro le in the strong anchoring limit.
B. Nematic liquid crystal in contact with a conductive medium (27) and, according to (20) (21) (22) (23) , M 1 2 (e 11 e 33 0 1) = 1 and (e 11 e 33 0 1) = 0 . In this framework, using Eqs. (18), we also have (e 11 e 33 L e 1) = 0 . As expected, the electrical potential in the substrates vanishes. Moreover, 
The tilt angle (x y) and the electrical potential (x y) can be obtained easily by substituting Eqs. (28) 
III. RESULTS AND DISCUSSION
In the previous Sect. we h a ve derived analytical formulae for the tilt angle pro le (x y) and the electrical potential (x y), assuming the tilt angle to be small. Now w e are going to analyze the physical behavior of these solutions for di erent v alues of the exoelectric coe cient e = e 11 + e 33 and surface periodicity w avevector q. Moreover, we w ould like t o relate (x y) and (x y) pro les to a quantity that can be detected experimentally. An appropriate choice turns out to be h 2 i, i.e., the square of the tilt angle averaged over the nematic slab ; =2 2 (x y) dxdy (31) where = 2 =q. The quantity h 2 i can be detected, for example, in a dielectric measurement or in a measurement of the optical path di erence 13]. In addition, we h a ve a l s o i n vestigated elastic and electrostatic contributions to the thermodynamical potential density in order to obtain some insight i n to the mechanisms which determine the director pro le.
A. Characteristic lengths
Both (x y) and (x y) pro les are periodic in x and can be written, according to Eqs. (15) (16) , as (x y) = t(y) s i n ( x) a n d (x y) = f(y) c o s (x). For simplicity, in the following we plot only y-dependent parts of the pro les, namely the \amplitudes" t(y) and f(y). As it can be deduced from Eqs. (15) (16) , these are characterized by two characteristic lengths 1= 1 and 1=j 2 j, both depending on the dimensionless parameter s and hence being related to the exoelectric coe cient e, and on periodicity q see Eqs. (17)]. Note that when the exoelectricity is absent (s ! 0), 1 = j 2 j = q, i.e., both lengths become equal, while for pronounced exoelectricity ( s large) one of them decreases (1= 1 ! 1=2qs) , while the other one increases (1=j 2 j ! 1 for s ! 1 ). Hence, for xed q and large enough s in the nematic sample there are two well distinguished areas with characteristic behaviors of the pro les, one of these areas being localized to a subsurface layer, while the other spreading through the rest of the sample. For small s it is impossible to distinguish between the short and long scale contributions since 1 j 2 j q. On the other hand, keeping s xed (and nonzero) and increasing the value of q, both characteristic lengths decrease. Note that also in this case the distinction between the long and short scale contributions is enhanced with increasing q. One can conclude that a kind of subsurface deformation appears in the vicinity of the substrate. Increasing both s and q this deformation becomes more and more localized. Such qualitative b e h a vior applies to solutions obtained for all types of elastic and electrostatic boundary conditions considered in the analysis. The boundary conditions themselves merely determine the actual surface values of the tilt angle and of the electrical potential, but do not alter any qualitative features of bulk solutions. In order to understand the source of such behavior it is convenient to reconsider the bulk part of the thermodynamical potential density ( 3 ) . Since the x dependence of and pro les is known to be given by s i n ( x) and cos(x), respectively, the thermodynamical potential density f n (x y) c a n b e i n tegrated over x, yielding f n (y) / (32) where t 0 = dt=dy and f 0 = df = d y . The expression consists of elastic, homogeneous electrostatic, and exoelectric contributions. The third term couples elastic and electrostatic variables. Considering rst the s = 0 case where the exoelectricity is absent, only the rst, i.e., the elastic term is relevant. Dealing with homogeneous anchoring (q = 0 ) , the tilt angle pro le t(y) minimizing the thermodynamical potential is described by a linear function, as predicted by the ordinary Frank elastic theory for a N L C between two planeparallel plates. For q 6 = 0 , however, the bulk tends towards the homeotropic alignment w i t h t = 0 i n order to minimize the positive q 2 t 2 contribution in (32), thereby producing a sort of subsurface deformation if the amplitude of the boundary tilt angle, 0 , is di erent from 0. Hence, with increasing q the subsurface deformation becomes increasingly localized. This conclusion could be made also by simply plotting the director eld in the vicinity of the modulated substrate imposing a molecular alignment parallel to the local surface normal.
Let us now consider the s 6 = 0 case, where the exoelectricity i s present. For clarity, w e rewrite the exoelectric contribution last term in (32) ] as 2Rsq(tf 0 ; t 0 f) = 2 Rsq t 
B. Pro les and observables
In the following we will suppose e 11 = e 33 = e=2 in order to reduce the parameter space, which is expected not to change any of the main conclusions of the present analysis. We h a ve expressed the exoelectric coe cient e in terms of the dimensionless quantity s (17) . Putting e = 8 :8 10 ;11 As/m, as measured for MBBA in Ref. 13] , and, further, K = 5 10 ;12 N a n d 5 1] yields s 3. Therefore in our analysis we will consider the range 0 < s < 3, where the s = 0 limit corresponds to the absence of exoelectricity in the material. Moreover, note that in Eq. (2) giving the exoelectric polarization we h a ve performed an expansion for small and for j 2 (@ =@y)j j (@ =@x)j j @ = @ y j. The last condition yields, estimating roughly j@ = @ x j q 0 , a restriction for q, and we c hoose q = 1 =D or q = 3 =D.
Although such a setting in our case ( 0 5 ) already slightly violates the above condition, we decided not to reduce the value of 0 any further because this would not correspond to a real modulated substrate used for technological purposes. This inconsistency is, however, not expected to in uence the qualitative b e h a vior of our results. Further,
Let us rst analyze the pro les in a strongly anchored nematic liquid crystal in contact with conductive substrates (Fig. 2) , a case which is rather simple as far as mechanical and electrical boundary conditions are concerned.
As the surface gratings are supposed to be in exact counterphase, t( D) = 0 , w h i c h in our case was set to 0 = 5 . For large enough values of s and q the t(y) pro le indeed represents a kind of subsurface deformation, which i s f o r , e.g., s = 3 a n d q = 3 =D (the largest values of s and q considered) limited to a layer of thickness 0:1D = 100 nm.
In that case the molecular orientation in the bulk approaches the homeotropic alignment while in the absence of exoelectricity ( s = 0) the subsurface deformation is less pronounced and the bulk tendency to approach homeotropic alignment i s w eaker. Consequently, for large s and q the observable quantity h 2 i will be smaller than the one obtained for small values of s and q. From Fig. 5 (a) it is evident that in fact h 2 i is a monotonically decreasing function of boths and q.
Let us now consider tilt angle pro les for weak anchoring, still retaining the conductive substrates. Fig. 3 presents t(y) pro les calculated for the highest value of the anchoring strength that has been observed experimentally, given by the extrapolation length L e 100 nm 31]. As expected, for a nite anchoring strength the amplitude of the subsurface deformation is reduced, if compared to the in nite anchoring case. Consequently, also the resulting values of h 2 i are fairly lower. However, note that the qualitative behavior of h 2 i vs. s Fig. 5 (a) ] is still the same as in the in nite anchoring limit.
Finally, let us analyze a more general case, where the substrates con ning the nematic liquid crystal are not conductive plates but rather consist of a dielectric material characterized by a nite dielectric constant. Further, let us again assume the weak anchoring condition at the con ning boundaries. Looking at Figs. 4 and 5 (a) it is possible to deduce that both the tilt angle pro les and the h 2 i vs. s dependence are almost identical to those obtained for the conductive substrates and that the orientational ordering within the nematic slab is almost insensitive to the changes of s , the dielectric permittivity of the substrates.
We have also plotted the y dependences of the electrical potential in the nematic cell f(y), Figs In Sect. II we have determined the electrical potential and the tilt angle elds, (x y) and (x y), respectively.
Using the solutions (x y) a n d (x y), it is possible to evaluate the electrostatic (f E = ; , and the total bulk nematic (f n = f F +f E ) contributions to the thermodynamical potential. We h a ve plotted f n as a function of x and y (Fig. 6) , and for large enough s and q both f F and f E turn out to be localized in a subsurface layer. Further, our results show that the elastic and electrostatic contributions to the thermodynamical potential are comparable, except for s ! 0, when f E f F . This proves that if the characteristic deformation scale is small with respect to the Debye screening length, f E cannot be neglected when (x y) and (x y) are determined. In fact, it has been well known already for a long time 14] that a correct description of piezoelectric materials, which i n some aspects are similar to exoelectric nematics, implies to solve t wo t ypes of di erential equations: those following i it is impossible to conclude what the mechanism is responsible for its decrease. According to the above considerations a possible conclusion could be that there is a correspondence between a nite anchoring strength and a nonzero exoelectric coe cient, i.e., that exoelectricity in our problem just renormalizes the anchoring strength w. But, trying to compare actual tilt angle pro les (Fig. 7) for s = 0 and s 6 = 0 and then adjusting the corresponding anchoring strengths so as to obtain the same value of h 2 i, it is evident that an exact one-to-one mapping between the e ective a n c horing strength and the exoelectric coe cient d o e s n o t e x i s t . In fact, for s = 0 both characteristic lengths discussed above become equal to q, while for a nonzero s they di er essentially (the shorter one being related to the subsurface deformation). This implies a substantial disagreement of the actual t(y) pro les in the nematic bulk although the average values h 2 i may be the same. It is, therefore, impossible to state that the e ect of exoelectricity is just to renormalize w although the result for w strongly depends on whether exoelectricity has been taken into account or not. However, by measuring the temperature (T ) dependence of h 2 i it could be possible to gain some information concerning the interplay of exoelectricity and the weak anchoring, which drive the behavior of t(y) pro les and, 
IV. CONCLUSION
In the present analysis we h a ve considered elastic deformations in a exoelectric nematic material, occurring close to the nematic-substrate interface due to the periodic surface topography of the substrate. We focused our attention to cases where the surface periodicity i s high enough that the deformations occur on a submicrometric lengthscale well below the Debye screening length. In such cases the equilibrium director pro le cannot be determined correctly if exoelectricity is ignored. Therefore, we h a ve performed a thorough analysis of elastic deformations in a nematic sample sandwiched between two parallel substrates, investigating this aspect of the problem. In order to establish a connection to experimental observables, we h a ve calculated the average h 2 i and investigated its behavior.
Increasing either the periodicity of the surface gratings or the exoelectric coe cient, a kind of subsurface deformation appears in the vicinity of the substrates. As an example we s h o w that if an experimental technique sensitive to h 2 i was employed to measure the anchoring strength, the results should be interpreted with extreme caution since they can substantially depend on the value of the exoelectric coe cient. In fact, there is no simple procedure to describe exoelectricity with an e ective a n c horing strength.
Neglecting exoelectricity and the corresponding contribution to the thermodynamical potential can only be correct when in a speci c NLC long range electrostatic interactions are rather unimportant in comparison to the short range ones, or when the elastic deformations in a exoelectric material occur on lengthscales considerably larger than the Debye screening length. Although NLCs normally have pronounced exoelectric properties, electrostatic interactions have often been neglected. This is probably correct for treating systems similar to the classical nematic cell used for many t e c hnological applications, but it is certainly wrong when the anchoring modulation occurs on a scale below the Debye screening length. In this respect our analysis is relevant for any study of microcon ned NLC systems, such a s microdroplets and microtubes.
In particular, we conclude that the analyses dealing with surfaces characterized by submicrometric inhomogeneous anchoring presented in 1,17{21] should be reconsidered taking into account e ects of exoelectricity. Although for our model surface the deviations from the homeotropic orientation in the e ective anchoring easy axis are rather small and thus do not give rise to bistable ordering, our results indicate that exoelectricity should be taken into account in analyses of real bistable surfaces. For example, the rst order phase transition between two orientational states with the bulk director in two perpendicular directions, predicted in Refs. 26, 27] , could be modi ed. Similarly, taking into account electrostatic e ects could also a ect the transition between the low a n d high pretilt regimes observed in Ref. 16 ]. Finally, analyses 24{28] dealing with the variation of the nematic scalar order parameter should, apart from including exoelectricity, take i n to account order electric e ects as well.
